Three-dimensional numerical models offer unique insight into the nature of scattering from rough surfaces. However, use of these models is computationally prohibitive for any application more time-sensitive than basic research. This work seeks to determine a proxy for full threedimensional rough boundary scatting models using appropriate two-dimensional models. Specifically, a Monte Carlo Kirchhoff approximation model in 2D with a derived proxy relationship applied is compared to a similar model in 3D. The region of validity of the proxy will be explored. The usage of the proxy function when applied to an finite element method model will also be discussed. [Work supported by ONR Ocean Acoustics.]
INTRODUCTION
There are a variety of models used to simulate rough-surface scattering in the ocean. These range from simple formulas with an empirically-derived parameter to Monte Carlo three-dimensional multiphysics simulations. The range of these models vary greatly in terms of abstraction from the true environment and computational complexity. These models come in two distinct forms: two-dimensional and three-dimensional. That is, three-dimensional models estimate scattering in a three-dimensional half-space of a wave incident on a two-dimensional surface whereas two-dimensional models estimate scattering in a two-dimensional half-space from a one-dimensional surface. The dimensionality of the domain versus the surface is a distinction worth noting and should be handled carefully.
This work seeks to determine a proxy for three-dimensional models using two-dimensional models. Rough surfaces and their accompanying parameterization using the von Karman spectrum will be discussed. Then a quick derivation of the Monte Carlo Kirchhoff approximation method for rough surface scattering from a pressure-release boundary will be presented in two and three dimensions. Finally, the proposed proxy will be introduced and results using the Kirchhoff approximation will be presented.
ROUGH SURFACES
It is rare to encounter a smooth surface, especially in an environment as chaotic as the ocean. However, the majority of propagation models are based on such surfaces. In order to determine the deviation from the supposed flat surface, one characterizes a surface based on its deviation from a mean height using its power spectrum [1] . Power spectra can be easily measured given measurements of surface height over a sufficient length. These measurements are often made along a single transect of bathymetry and lead to one-dimensional rough surfaces. Acoustic rough-surface scattering models typically employ a simpler form of the power spectrum, reducing the characterization of the surface to one or two parameters. The most common of these are the power law, Gaussian, Pierson-Moskowitz, and von Karman power spectrums. The power-law spectrum is a specialized form of the von Karman power spectrum, and the Pierson-Moskowitz spectrum is specific to the sea surface. This work employs the von Karman power spectrum for modeling acoustic interactions with the sea floor.
The form of the von Karman spectrum is as follows [1] 
where W(K) is the power at each wavenumber K, w 2 is the spectral strength, and K 0 is the cutoff wavenumber, essential to prevent a singularity at K = 0 and helpful in better matching real-world roughness Random rough surfaces described by a given spectrum may be generated for use with a Monte Carlo method as follows.
where h(x) is the height deviation from the mean plane, F − 1 is the inverse Fourier transform,
is the power spectrum of the surface at wavenumber K, and N(0, 1) notates a normal (Gaussian) distribution with mean 0 and standard deviation 1 [2] .
MODEL SETUP
The environment being modeled consists of a rough 2D or 1D pressure-release boundary on an infinite half-space of water. The mean plane this surface (in 3D) or mean line of this curve (in 2D) is z = 0. The water is on the +z side of this pressure-release boundary. Ideally, an infinite plane wave would insonify this surface with a defined grazing angle and azimuth. However, for comparison with other computational methods, a Gaussian tapered plane wave is used of the form
where
in 3D [3] and
in 2D [2] . Here, θ 0 is the grazing angle of the incident beam, θ is the grazing angle of the field point relative to z = 0, k is the acoustic wavenumber, and g is the tapering parameter, which controls the beamwidth. These beams are necessary for numerical models due to the finite size of the scatterer.
KIRCHHOFF APPROXIMATION
The Kirchhoff approximation (KA), sometimes referred to as Kirchhoff theory, tangent plane theory, or physical optics theory, is a method for estimating scattering from a rough boundary. A physical interpretation of this theory is that of rays reflecting off of planes tangent to each point on the surface [4] . Mathematically, for pressure-release surfaces, this is applied to the Helmholtz-Kirchhoff integral as
where r is the field point and r 0 is the source point. By substituting Eq. (11) into the Helmholtz-Kirchhoff integral (Eq. (12)), one obtains Eq. (13) Mapping this result to the mean plane z = 0 yields
Here, f is the surface height function for the scatterer. Equation (14) is the form used for 3D field calculation, which is performed numerically using a trapezoidal integration scheme. In 2D, a different Green's function is used and the integral is over a line. The integral becomes
and f is the surface height function for the scatterer.
CORRECTION FACTOR
A correction factor is developed in the next three subsections that relate the 2D and the 3D results by comparing two flat piston surfaces analytically. It will be shown that there is a simple algebraic relation between the solutions to these problems [5] .
Shaded Plane Piston in Three-Dimensional Space
The flat piston in 3D space is analogous to the 3D scattering problem off of a 2D surface. 
where ρ 0 is the bulk density of the water, c 0 is the sound speed of the water, k is the natural wavenumber defined as 2π f /c 0 , f is the frequency of the source, and r is the distance from the origin to the field point x 2 + y 2 + z 2 . This form is specific to the far-field for a velocity source with distribution u 0 (x 0 , y 0 ) in the source plane z = 0 radiating into the half space z > 0.
Recognizing that Eq. (16) can be formulated as a spatial Fourier transform, it can be represented as
where U 0 (k x , k y ) = F {u 0 (x 0 , y 0 )}, α = cos φ cos θ, β = sin φ cos θ, θ is the grazing angle of the field point relative to the source plane, and φ is the azimuth of the field point. Linear phase shading is then applied to steer the specular direction of scattering and Gaussian shading to match the beam [2] . This yields the following analytical form [5] : 
Shaded Line Source in Two-Dimensional Space
The line source in 2D space is analogous to 2D scattering off of a rough curve. The 2D Rayleigh integral is of the form
where H 
This form is analogous in 2D to Eq. (16) from the previous subsection. As before, this integral is cast as a Fourier transform in the source plane.
Applying linear phase shading and Gaussian shading on the line source yields [5] 
Scattering Cross Section Correction
Scattering cross section is defined as
for 3D space and
for 2D space where E 2 , E 3 are the sound flux through a surface S per unit time and p 2 ,p 3 are the field pressure at a range r in the far-field at angles θ s and φ s .
Substituting Eq. (23) 
Dividing Eq. (26) by Eq. (27) arrives at [5] σ 3
MODEL PARAMETERS
This section will describe the values of the parameters used when evaluating the correction factor. The parameters γ 1 and w 1 of the rough surfaces were varied over twenty values each, combining to four-hundred parameter pairs total. All other parameters were held constant as shown in Table 1 . E 2 and E 3 were both calculate numerically. Additionally, the Monte Carlo Kirchhoff method was applied over 30 surface realizations for each parameter set. Three-dimensional surfaces were generated by assuming longitudinal invariance.
RESULTS
Initial results can be seen in 
CONCLUSION
A method has been presented to perform computation of the Kirchhoff approximation for scattering estimation in two and three dimensions. Rough surfaces described by von Karman spectra were investigated over a large set of parameter values, specifically with regards to how well they conform to a proposed correction factor derived from comparison between piston sources in 2D and 3D. For longitudinally-invariant 2D surfaces, the correction factor is adequate to account for any 3D scattering effects within this work's search space.
